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Abstract
In this paper, some new generalized contractive type conditions for a pair of mappings in metric space
are defined. Some common fixed point results for these mappings are presented.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Common fixed point theorem; Generalized contractive; Metric space
1. Introduction
Recently some fixed point results for mappings satisfying integral-type contractive condition
[1,2] are obtained. In this paper, we give some new generalized contractive type conditions for a
pair of mappings in metric space and prove some common fixed point results for these mappings.
The results here extend well-known results in [1–3].
Let A ∈ (0,+∞], R+A = [0,A). Let F :R+A → R satisfy that
(i) F(0) = 0 and F(t) > 0 for each t ∈ (0,A);
(ii) F is nondecreasing on R+A ;
(iii) F is continuous.
Define [0,A) = {F | F satisfies (i)–(iii)}.
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X. Zhang / J. Math. Anal. Appl. 333 (2007) 780–786 781Lemma 1. Let A ∈ (0,+∞], F ∈ [0,A). If limn→∞ F(εn) = 0 for εn ∈ R+A , then
limn→∞ εn = 0.
Proof. Suppose the result is false. Then there exist δ > 0 and a subsequence {εni } of {εn} such
that εni > δ for each i. Hence
0 < F(δ) F(εni ) → 0, i → ∞,
a contradiction. 
Example 1.
(1) Let F(t) = t , then F ∈ [0,A) for each A ∈ (0,+∞].
(2) Suppose that ϕ(t) is nonnegative, Lebesgue integrable on [0,A) and satisfies
ε∫
0
ϕ(t) dt > 0 for each ε ∈ (0,A).
Let F(t) = ∫ t0 ϕ(s) ds, then F ∈ [0,A).
(3) Suppose that ψ(t) is nonnegative, Lebesgue integrable on [0,A) and satisfies
ε∫
0
ψ(t) dt > 0 for each ε ∈ (0,A).
And ϕ(t) is nonnegative, Lebesgue integrable on [0, ∫ A0 ψ(s) ds) and satisfies
ε∫
0
ϕ(t) dt > 0 for each ε ∈
(
0,
A∫
0
ψ(s) ds
)
.
Let F(t) = ∫ ∫ t0 ψ(s) ds0 ϕ(u)du, then F ∈ [0,A).
(4) If G ∈ [0,A) and F ∈ [0,G(A − 0)), then composition mapping F ◦ G ∈ [0,A). For
instance, let H(t) = ∫ F(t)0 ϕ(s) ds, then H ∈ [0,A) whenever F ∈ [0,A) and ϕ is non-
negative, Lebesgue integrable on [0,F (A − 0)) and satisfies
ε∫
0
ϕ(t) dt > 0 for each ε ∈ (0,F (A − 0)).
Let A ∈ (0,+∞], ψ :R+A → R+ satisfy that
(i) ψ(t) < t for each t ∈ (0,A);
(ii) ψ in nondecreasing and right upper semi-continuous;
(iii) for each t ∈ (0,A), limn→∞ ψn(t) = 0.
Define Ψ [0,A) = {ψ | ψ satisfies (i)–(iii) above}.
Lemma 2. ψ ∈ Ψ [0,A), then ψ(0) = 0.
782 X. Zhang / J. Math. Anal. Appl. 333 (2007) 780–786Proof. For any t ∈ (0,A)
0ψ(0)ψ(t) < t.
Hence ψ(0) = 0. 
2. Fixed point theorem of generalized contractive type mapping
In this section, we prove some generalized contractive type common fixed point theorems for
a pair of mappings.
Theorem 1. Let X be a complete metric space and let D = sup{d(x, y) | x, y ∈ X}. Set A = D if
D = ∞ and A > D if D < ∞. Suppose that T ,S :X → X,F ∈ [0,A) and ψ ∈ Ψ [0,F (A−0))
satisfy
F
(
d(T x,Sy)
)
ψ
(
F
(
M(x,y)
)) for each x, y ∈ X,
where
M(x,y) = max
{
d(x, y), d(T x, x), d(Sy, y),
1
2
(
d(T x, y) + d(Sy, x))}.
Then T and S have a unique common fixed point in X. Moreover for each x0 ∈ X, the iterated
sequence {xn} with x2n+1 = T x2n and x2n+2 = Sx2n+1 converges to the common fixed point of
T and S.
Proof. We first prove that any fixed point of T is also a fixed point of S, and conversely.
If T x∗ = x∗ but Sx∗ = x∗, then from
M
(
x∗, x∗
)= max{d(x∗, x∗), d(T x∗, x∗), d(Sx∗, x∗), 1
2
(
d
(
T x∗, x∗
)+ d(Sx∗, x∗))}
= d(Sx∗, x∗),
F
(
d
(
x∗, Sx∗
))= F (d(T x∗, Sx∗))ψ(F (M(x∗, x∗)))
= ψ(F (d(x∗, Sx∗)))< F (d(x∗, Sx∗)).
This is a contradiction, so Sx∗ = x∗. Similarly if Sx∗ = x∗, then T x∗ = x∗.
Now we show that if T and S have common fixed point, then the fixed point is unique.
Let T x∗ = Sx∗ = x∗ and Ty∗ = Sy∗ = y∗. If x∗ = y∗, then from
M
(
x∗, y∗
)= max{d(x∗, y∗), d(T x∗, x∗), d(Sy∗, y∗), 1
2
(
d
(
T x∗, y∗
)+ d(Sy∗, x∗))}
= d(x∗, y∗),
F
(
d
(
x∗, y∗
))= F (d(T x∗, Sy∗))ψ(F (M(x∗, y∗)))
= ψ(F (d(x∗, y∗)))< F (d(x∗, y∗)).
We get a contradiction, thus x∗ = y∗.
Given x0 ∈ X, let
x2n+1 = T x2n, x2n+2 = Sx2n+1, n = 0,1,2, . . . .
Suppose that for any n, xn+1 = xn. Otherwise T or S has a fixed point and the proof is complete.
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M(x2n, x2n−1)
= max
{
d(x2n, x2n−1), d(x2n+1, x2n), d(x2n, x2n−1),
1
2
(
d(x2n+1, x2n−1) + d(x2n, x2n)
)}
= max{d(x2n+1, x2n), d(x2n, x2n−1)},
if max{d(x2n+1, x2n), d(x2n, x2n−1)} = d(x2n+1, x2n), then
F
(
d(x2n+1, x2n)
)= F (d(T x2n, Sx2n−1))ψ(F (M(x2n, x2n−1)))
= ψ(F (d(x2n+1, x2n)))< F (d(x2n+1, x2n)),
a contradiction. So
d(x2n+1, x2n) < d(x2n, x2n−1)
and
F
(
d(x2n+1, x2n)
)
ψ
(
F
(
d(x2n, x2n−1)
))
< F
(
d(x2n, x2n−1)
)
.
Similarly we have
d(x2n+2, x2n+1) < d(x2n+1, x2n)
and
F
(
d(x2n+2, x2n+1)
)
ψ
(
F
(
d(x2n+1, x2n)
))
< F
(
d(x2n+1, x2n)
)
.
Generally, we get for each n
F
(
d(xn+1, xn)
)
ψ
(
F
(
d(xn, xn−1)
))
< F
(
d(xn, xn−1)
)
and
F
(
d(xn+1, xn)
)
ψ
(
F
(
d(xn, xn−1)
))
 · · ·ψn(F (d(x0, x1))).
Let n → ∞, we have F(d(xn+1, xn)) ↘ 0. From Lemma 1, d(xn+1, xn) → 0 as n → ∞.
Now we prove that {xn} is a Cauchy sequence. Suppose not, then there exist ε > 0 and sub-
sequences {xni } and {xmi } of {xn} with ni < mi such that
d(xni , xmi ) 2ε for each i.
Since d(xn+1, xn) → 0, when i is large enough d(xni+1, xni ) < ε2 and d(xmi , xmi−1) < ε2 . By
inequalities
d(xni+1, xmi ) d(xni , xmi ) − d(xni+1, xni ) > ε,
d(xni , xmi−1) d(xni , xmi ) − d(xmi−1, xmi ) > ε,
d(xni+1, xmi−1) d(xni , xmi ) − d(xmi−1, xmi ) − d(xni+1, xni ) > ε
we can assume that ni are even numbers and mi are odd numbers and
d(xni , xmi ) > ε for all i.
Set ki = min{mi | d(xni , xmi ) > ε, mi is odd number}. We have
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 d(xni , xki−2) + d(xki−2, xki−1) + d(xki−1, xki )
 ε + d(xki−2, xki−1) + d(xki−1, xki ) → ε (i → ∞).
Thus d(xni , xki ) → ε+ (i → ∞). From inequality
d(xni , xki ) − d(xni , xni+1) − d(xki , xki+1)
 d(xni+1, xki+1)
 d(xni , xki ) + d(xni , xni+1) + d(xki , xki+1),
let i → ∞, we get d(xni+1, xki+1) → ε. Since
M(xni , xki )
= max
{
d(xni , xki ), d(xni+1, xni ), d(xki+1, xki ),
1
2
(
d(xni+1, xki ) + d(xki+1, xni )
)}
max
{
d(xni , xki ), d(xni+1, xni ) + d(xni , xki ), d(xni , xki ) + d(xki+1, xki )
}
 d(xni , xki ) + δi
where δi → 0 (i → ∞),
F
(
d(xni+1, xki+1)
)= F (d(T xni , Sxki ))ψ(F (M(xni , xki ))).
Let i → ∞, we get
F(ε)ψ
(
F(ε)
)
< F(ε).
This is a contradiction. Therefore {xn} is a Cauchy sequence.
Since X is complete, let xn → a ∈ X (n → ∞). From
M(x2n, a) = max
{
d(x2n, a), d(x2n+1, x2n), d(Sa, a),
1
2
(
d(x2n+1, a) + d(Sa, x2n)
)}
→ d(Sa, a)+ (n → ∞),
and
F
(
d(T x2n, Sa)
)
ψ
(
F
(
M(x2n, a)
))
,
let n → ∞, we have
F
(
d(a,Sa)
)
ψ
(
F
(
d(a,Sa)
))
.
The inequality implies Sa = a. By the proof above a is the unique common fixed point of T
and S. 
Corollary 1. Let X be a complete metric space and A as in Theorem 1. Suppose that ϕ is
nonnegative, Lebesgue integrable on [0,A) and satisfies
ε∫
ϕ(t) dt > 0 for each ε ∈ [0,A).0
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d(T x,Sy)∫
0
ϕ(s) ds ψ
( M(x,y)∫
0
ϕ(s) ds
)
for each x, y ∈ X,
where
M(x,y) = max
{
d(x, y), d(T x, x), d(Sy, y),
1
2
(
d(T x, y) + d(Sy, x))}.
Then T and S have a unique common fixed point in X. Moreover for each x0 ∈ X, the iterated
sequence {xn} with x2n+1 = T x2n and x2n+2 = Sx2n+1 converges to the common fixed point of
T and S.
Corollary 2. Let X be a complete metric space. Suppose that ϕ is nonnegative, Lebesgue inte-
grable and satisfies
ε∫
0
ϕ(t) dt > 0 for each ε > 0.
Suppose T ,S :X → X and k ∈ [0,1) satisfy
d(T x,Sy)∫
0
ϕ(s) ds  k
M(x,y)∫
0
ϕ(s) ds for each x, y ∈ X,
where
M(x,y) = max
{
d(x, y), d(T x, x), d(Sy, y),
1
2
(
d(T x, y) + d(Sy, x))}.
Then T and S have a unique common fixed point in X. Moreover for each x0 ∈ X, the iterated
sequence {xn} with x2n+1 = T x2n and x2n+2 = Sx2n+1 converges to the common fixed point of
T and S.
Remark 1. Theorem 1 and corollaries unify and extend many results in [1–3].
Now we give an example which satisfies the conditions in Theorem 1 but does not satisfy the
general contractive condition.
Example 2. Let X = { 1
n
| n = 1,2, . . .} ∪ {0} with the Euclidean metric d . It is obvious that X is
complete and D = 1. Let F(t) = t1/t , then F ∈ [0,A), where A = e > D. Let ψ(t) = t2 , then
ψ ∈ Ψ [0, e1/e). Suppose that T and S are self-mappings of X defined by
T x = Sx =
{0, x = 0,
1
n+1 , x = 1n , n 1.
Now we prove that for each x, y ∈ X
F
(
d(T x,Sy)
)= |T x − Sy| 1|T x−Sy|
 1 |x − y| 1|x−y| = ψ(F (d(x, y)))ψ(F (M(x,y))).2
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Case 1. x = y. Then d(x, y) = 0, d(T x,Sy) = 0 and
F
(
d(T x,Sy)
)= F(0) = 0ψ(F(0))= ψ(F (d(x, y)))ψ(F (M(x,y))).
Case 2. x = 0, y = 1
n
= 0 or x = 1
n
, y = 0. Then
F
(
d(T x,Sy)
)= ( 1
n + 1
)n+1
= 1
n + 1
(
1
n + 1
)n
 1
2
(
1
n
)n
= ψ(F (d(x, y)))ψ(F (M(x,y))).
Case 3. x = 1
n
, y = 1
m
, n = m. Then
F
(
d(T x,Sy)
)= ∣∣∣∣ 1n + 1 − 1m + 1
∣∣∣∣
1
| 1
n+1 − 1m+1 |
=
( |n − m|
(n + 1)(m + 1)
) (n+1)(m+1)|n−m|
=
( |n − m|
(n + 1)(m + 1)
) n+m+1|n−m| ( nm
(n + 1)(m + 1)
) nm|n−m|( |n − m|
nm
) nm|n−m|
 1
2
· 1 ·
( |n − m|
nm
) nm|n−m| = 1
2
F
(
d(x, y)
)
ψ
(
F
(
M(x,y)
))
.
Therefore T and S satisfy all conditions in Theorem 1, so they have unique common fixed point
x∗ = 0.
But we cannot get
d(T x,Sy) cmax
{
d(x, y), d(T x, x), d(Sy, y),
1
2
(
d(T x, y) + d(Sy, x))}
for some c ∈ [0,1). To see this, let x = 1
n
and y = 1
n+1 , then
d(T x,Sy) = 1
(n + 1)(n + 2) , d(x, y) =
1
n(n + 1)
and
sup
x,y∈X,x =y
d(T x,Sy)
d(x, y)
 sup
n∈N
d(T 1
n
, S 1
n+1 )
d( 1
n
, 1
n+1 )
= 1.
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